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Abstract. In this paper, the consensus control problem of high order nonlinear 
multi-agent systems with non-affine faults, unmeasurable states, uncertain con-
trol coefficients and external disturbances is studied. Under the directed topology 
conditions, an observer-based finite-time control method based on adaptive back-
stepping is proposed. A state observer based on neural network is introduced to 
estimate the unmeasurable system state variables. In order to solve the “explosion 
of complexity” problem of backstepping method, a finite time command filter is 
introduced, and error compensation signals are designed to compensate the filter 
error. The Butterworth low-pass filter is used to avoid the algebraic ring problem 
in the control law. The finite-time stability criterion and Lyapunov stability the-
orem are utilized to analyze that all signals of the closed-loop system are bounded 
in finite time. Finally, the effectiveness of the presented control strategy is illus-
trated by a simulation example. 
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1 Introduction 

In the past few decades, as the foundation of cooperation and coordination among 
agents, the consensus problem has received extensive attention in the research of multi-
agent systems (MASs) [1-3]. Consensus control within the leader-following framework 
is a typical research direction[4], which aims to achieve state consensus among agents 
under the condition that only part of agents can directly access the leader’s signal or 
reference signal. 

In the design of consensus control protocols for nonlinear MASs, adaptive backstep-
ping is a commonly used method[5-6]. It systematizes structures the process of Lyapunov 
function and controller design through recursive design. However, the derivative of the 
previous step is required in each step of the backstepping method, which lead to an 



increase in computational complexity with the order of the system. By merging the 
command filter approach, the “explosion of complexity” problem can be solved. 

In the consensus control problem, convergence rate is generally considered to be an 
important factor. But many study on consensus control in existing literatures are based 
on asymptotic stability[7-8], which ensures system stability only as time tends to infinity. 
In contrast, finite-time control protocols can provide faster convergence rate, higher 
tracking accuracy, and better performance[9-12]. 

In practical systems, the system state variables are usually partial measurable. In 
such cases, methods based on the full observability of agent states and state feedback 
cannot be applied. A feasible approach is to design a state observer to estimate the 
unknown part of the system state. For systems with nonlinear terms, a state observer 
based on neural network is effective[13-15]. Besides, the control coefficients are often 
uncertain in practical, which may affect the effect of the control protocol[12,16]. 

In addition, due to the large scale and high complexity of MASs, some faults are 
prone to occur during the operation of real systems, which may lead to a decline in 
control performance or even cause the system to fail directly. Therefore, to ensure the 
long-term stable operation of the system, it is crucial to consider the fault tolerance of 
the system in the design of control protocol[16-18]. Most of the above literatures consider 
linear fault models, which may not reflect the nonlinear fault characteristics of complex 
systems well, while non-affine fault models can present a wider range of fault condi-
tions in practical applications more accurately[15,19-20]. 

Motivated by the above observations, a finite-time fault tolerance control scheme 
based on neural observer is presented for nonlinear MASs with non-affine faults and 
uncertain control coefficients in this paper. The main contributions of this paper are 
listed as follows. 
1. An advanced observer-based finite-time adaptive tracking control algorithm, com-

bining adaptive backstepping control and radial basis function neural network 
(RBFNN) , is proposed for uncertain nonlinear MASs subject to non-affine faults, 
uncertain control coefficients and external disturbances under directed graphs. 

2. In contrast to traditional linear fault model, the non-affine fault model in this paper 
can reflect faults in practical systems more accurately. Besides, the uncertain control 
coefficients considered in this paper is more practical in real systems than many 
other existing literatures, whose control coefficients are regarded as known constant. 

3. To address the “explosion of complexity” problem raised by backstepping method, 
the command filter mechanism is introduced in this paper, and compensation signals 
are established to compensate the filter error. In addition, a Butterworth low-pass 
filter (BLPF) is utilized to solve the algebraic ring problem in the control law. 
The remainder of this paper is organized as follows. In Section 2, the communication 

graph, the considered system and faults model, some useful assumptions and lemmas 
are introduced. Then, a neural observer and a corresponding observer-based finite-time 
adaptive fault-tolerant control protocol is derived in Section 3. In Section 4, the stability 



analysis is established. In Section 5, a simulation example is provided to illustrate the 
effectiveness of our proposed scheme. Finally, a conclusion is drawn in Section 6. 

2 Preliminaries and problem description 

2.1 Graph theory 

The information interaction topology between agents is described by a fixed directed 
graph ( ),G    , where {1, , }N   is the vertex set and ⊆ ×    indicates 
the edge set. The edge ( ),i j ∈  denotes that agent j can obtain information from 
agent i, but not necessarily vice versa. For the edge ( ),i j , i is the parent node and j is 
the child node. The neighbors collection of agent j is represented as 

{ | ( , ) }j i i j= ∈  . ,[ ] N N
i jA a R ×= ∈  represents the adjacency matrix, in which ,i ja  

is a positive weight if and only if ( ),j i ∈ , otherwise , 0i ja = . The in-degree matrix 
is represented as  , which is a diagonal matrix with diagonal elements ,ii j i jd a∈= Σ  . 
The Laplacian matrix is expressed as L A= − . The leader adjacency matrix is 

1{ , , }nB diag b b=  , in which 1ib =  if and only if the node i can receive the leader’s 
information, otherwise 0ib = . If the directed graph G contains a directed spanning 
tree, it indicates that there is at least one node with a directed path to all other nodes. 
2.2 Problem description 

In this paper, the MAS consisting of one leader and N followers is considered. The 
i-th follower is modeled as 
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where 1, 2, , 1n= −  . [ ]T,1 ,2 ,, , ,i i i i nx x x x=   and iy  are the system state vector 
and output of the i-th follower, respectively. And only the output is measurable while 
other states variables are not available. ( )i if x  is an unknown nonlinear function. 

( )i t∆  denotes the uncertain external disturbances. iu  is the control signal with an 
uncertain nonlinear control coefficient ( )i tρ  satisfied ( )0 i itρ ρ< ≤ , where iρ  is 
a positive constant. ( ),i i ih x u  stands for fault-induced unknown change and 

( )0i t Tβ −  represents the time profile with the form 
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where , 0a ir >  and 0T  indicate the fault evolution rate and unknown fault occurrence 
time, respectively. 

The control objective is to design a finite-time fault-tolerant control (FTC) scheme 
to guarantee the desired tracking performance of system (1), and all signals in the 
closed-loop system are semi-globally uniformly ultimately bounded (SGUUB) in finite 
time. To achieve such objective, some necessary preliminaries are listed as follow. 



Assumption 1.[16] The directed graph G contains a spanning tree and the root node 
rn  can directly access the full information of reference signal ( )ry t , that is 1rb = . 

Assumption 2.[16] The disturbance satisfies ( )i it∆ ≤ ∆ , where i∆  is an unknown 
positive constant. 
Assumption 3.[14] The partial derivative ,[( ) / ( )]i if x∂ ∂



 satisfies the inequality: 
 , , ,( ) / ( )i i i if f x f≤ ∂ ∂ ≤

  

 
where ,if 

 and ,if 

 are known constants. 
Assumption 4.[15] The reference signal ry  and its first-order derivative ry  are con-
tinuous and bounded. 
Assumption 5.[15] For ( ) ( )0 ,i i i it T h x uβ − , the following inequality is satisfied 

 ( ) ( ) ( )0 , ,i i i i i i it T h x u g x uβ − ≤  

where ( ),i i ig x u  is an unknown function. 
Lemma 1.[9] An extended Lyapunov description of finite-time stability can be given 
with the form of ( ) ( ) ( )1 2 0V x V x V xγλ λ+ + ≤ , and the settling time can be given by 
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where 1λ , 2λ , 0 γ< <1  are positive constants. 
Lemma 2.[10] Consider the system ( )x f x= , if there exist continuous function 
( )V x and positive constants 1λ , 2λ , 0 γ< <1 , 0 η< < ∞  such that 
( ) ( ) ( )1 2V x V x V xγλ λ η≤ − − + , then the trajectory of system is practical finite-time 

stable, and 
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where 00 1θ< <  is a constant. The settling time is bounded as 
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Lemma 3.[15] Let T
1( ) [ ( ), , ( )]q q n qS z s z s z=   be a basis function vector of RBFNN 

with T
1[ , , ]q qz z z=  . For any integer 0 p q< ≤ , ( ) ( ) ( ) ( )T T

q q p pS z S z S z S z≤ . 
Lemma 4.[15] There exist 0w >  and z R∈ , such that 

 
2

2 2

zz w
z w

≤ +
+

 

3 Design of observer and controller 

For simplicity, we define some necessary symbols and parameters as follows: ( )ˆ  
is the estimation of *( )  and *( ) ( ) ( )ˆ= −  


.   represents the Euclidean norm. 

,1iγ , ,2iγ , ,1iτ , ,2iτ , ,3iτ , ,iκ 

, ,ic


, ,iw


, ,ih


, ,ik


, p , ,1iλ , ,0iq , ,iq


, ir , 1,iµ , 
2,iµ , 1,iσ , 2,iσ , 3,iσ , 4,iσ  are positive parameters for 1, ,i N=   and 1, , n=  . 



3.1 Neural observer design 

For unmeasurable states in system (1), a neural observer is constructed as follows 
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where 1, , 1n= −  , [ ]T,1 ,2 ,
ˆ ˆ ˆ, , ,i i i i nX x x x=  , ,ˆix



 is the estimation of ,ix
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denotes the observer gain. îθ , 1,ˆ iυ , 2,ˆ iυ  are adaptive parameter vector utilized to esti-
mate the unknown ideal RBFNN weight vector *

iθ , *
1,iυ , *

2,iυ , respectively. iS , 1,iψ , 
2,iψ  denotes basis function vectors. f

i iu u≈  is the filtered signal generated by a But-
terworth low-pass filter (BLPF) ( )f L

i i iu H s u= , whose parameters are shown in [21]. 
Design the estimation error vector [ ] [ ]T T

,1 ,1 , , ,1 ,ˆ ˆ, , , ,i i i i n i n i i ne x x x x e e= − − =  . 
From (1) and (2), the estimation error dynamics is represented as 
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where 0,i i i iA A L C= − , 1
0,

0
0 0

n
i

IA − =   
, T

,1 ,[ , , ]i i i nL l l=  , [1,0, , 0]iC =  ,  

T[0, , 0,1]iR =  , and 1nI −  is the 1n −  order identity matrix. 
The unknown nonlinear function ˆ( )i if X  is estimated by RBFNN as follows 
 ( ) ( )*Tˆ ˆ ,   i i i i i i i if X S Xθ δ δ δ= + ≤  (4) 

By differential mid-value theorem, one can obtain 
 ( ) ( )ˆ

i i i i i if x f X F e− =  (5) 

where ,2 ,[0, , , ]i i i nF F F=  , , , , , ,ˆ[( ) / ( )],  [ , ],  2i i i i i iF f x x nς ς= ∂ ∂ ∈ ≤ ≤
    

 . Further-
more, define i i iJ R F=  for the convenience of subsequent steps. 

For the stability analysis of estimation error dynamics, construct a Lyapunov func-
tion candidate as T

,e i i i iV e Pe=  with iP  being a symmetric positive definite matrix to 
be decided. By (3)-(5), the time derivative of ,e iV  can be represented as 
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Applying Assumption 2, Assumption 5 and Young’s inequality, and utilizing 
RBFNN to estimate unknown terms, one can obtain 

 ( ) 2 2
,12

,1

1 1
2 2i i i

i
t γ

γ
∆ ≤ ∆ +  (7) 

 ( ) ( ) ( )2 2
0 ,22

,2

1 1, ,
2 2i i i i i i i i

i
t T h x u g x uβ γ

γ
− ≤ +  (8) 

 ( ) ( )2 2 *T
1, 1, 1, 1, 1,2 2

,1 ,2

1 1 ˆ, , ,  
2 2

f
i i i i i i i i i i i

i i
g x u X uυ ψ ε ε ε

γ γ
∆ + = + ≤  (9) 



 ( ) ( ) ( )2 2 *T
,1 ,2 2, 2, 2, 2, 2,

11 ,  
2

f
i i i i i i i i i iu uρ γ γ υ ψ ε ε ε− + + = + ≤  (10) 

From the property of RBFNN that T
,i i S iS S d≤  with ,S id  being the dimension 

number of iS , one can further obtain that 
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where ,S id , idψ1, , idψ 2,  indicate the dimension of iS , 1,iψ  and 2,iψ , respectively. 
Substitute (7)-(12) into (6) yields 
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where ,1 ,2 ,3i i i iτ τ τ τ= + + . From (13), the following matrix inequality needs to be sat-
isfied for the stability of the error dynamics 

 T T2 0i i i i i i i i iA P P A P PJ J Pτ+ + + + <  (14) 
From Assumption 3, there exists functions , ,( ), (0 1)i itχ χ≤ ≤
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As a result, the element of matrix iJ  can be rewritten to the above form. Thus, by 

the convex combination theory, (14) can be converted to 
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Remark 1: By introducing i i iN PL=  and above steps, (14) can be simplified into 

linear matrix inequality (LMI) form. Thus, iL  can be obtained by solving the LMIs, 
and the solvability of LMIs guarantees the stability of the error dynamics[14].  
3.2 Finite-time controller design 

First, the coordinate transformation of the i-th follower is described below 
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where ,1iv , ,iv


 represents the synchronization error and the error surface, respec-
tively. ry  denotes the reference signal from the leader. iN  indicates the set of neigh-
bor nodes of i. ,i ja  is the communication topology parameter between node i and node 
j. ib  indicates whether the reference signal is accessible for node i. ,iα 

 is the output 
signal of a finite-time command filter inspired by [22], which if defined as 
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where ,iω 

 and 0 p< <1  are positive constants. The virtual control law , 1iα −  is 
the input of the command filter, and the output is ,iα 

. 
The command filter will generate error , , 1i iα α −−
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, which will be eliminated by an 
error compensation mechanism. The compensated tracking error is defined as 
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where id  is the in-degree of the i-th follower. 
The virtual control signals in the following steps are constructed as 
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and 0 1p< < . îφ  and ,iW


 are RBFNN parameters defined in the following steps. 
Step 1: Construct the Lyapunov function candidate as  
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The time derivative of ,1iV  is 
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By Young’s inequality, one can obtain 
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Using RBFNN to approximate the nonlinear terms above yields 
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where T
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 
∑







 (29) 

where ( ) 2 2
,1 ,1 ,1 ,1/ 2 / 2i i i i i iD d b w k= + + + ∆  

Step  ( )2 1n≤ ≤ − : Construct the Lyapunov function candidate as 

 2
, , 1 ,

1
2i i iV V z−= +

  

 (30) 

and the derivative of (30) is as follow 
 ( ), , 1 , 1, 1 , 1 , 1 , , , ,1 , ,i i i i i i i i i i iV V z z l eα ξ α α α ξ− + + += + + + − + + − −

          


    (31) 

Similarly, the following derivation can be obtained 
 ( )2 2 T

, , ,1 , , , ,0.5 0.5i i i i i i i i iz l e l q z q e e≤ +
     

 (32) 

 ( ) ( )2 *T
, , , , , , , , , ,0.5 ,  i i i i i i i i i ig l q z W Zϕ= = + ∆ ∆ ≤ ∆
         

 (33) 

 ( ) ( )
2
, * T 2 2 2

, , , , , , , , ,2
,

1 1 1
2 2 2 2

i
i i i i i i i i i i

i

zz g W Z W Z k z
k

φ≤ + + + ∆

        



 (34) 

where T
, ,

ˆ[ , ]i i iZ X ξ=
 

 and T
,

ˆ[ ]i iZ X=


. 
Substituting ,iξ 

 , *
,iα 

 and (32)-(34) into (31) yields 

 
( )

( ) ( )

,2 T 2
, , , , , , , ,,

1
2

,1 , ,0T T
, , , , , , 12

,1 ,1

sgn
2

ˆ
2 2 i

i k p
i i k i k i k i k i k i i i k i ki k

k

i i i k i
i k i k i k i k j j i i

i i kk j N

qV c z z e e h z D

z qW Z W Z e e z z
k

κ ξ

φ λ φ
λ

=

+
= ∈

 ≤ − + + − + 
 
 

+ − + + 
 

∑

∑ ∑







 







 (35) 

where 2 2
, , , ,/ 2 / 2i i i iD k w= + ∆ +
   

. 
Step n: Consider the Lyapunov function candidate as 

 2 T T T
, , 1 , 1, 1, 2, 2,

1, 2,

1 1 1 1
2 2 2 2i n i n i n i i i i i i

i i i
V V z

r
θ θ υ υ υ υ

µ µ−= + + + + 

     (36) 

Differentiating ,i nV  yields 

 
( ) ( ) ( ) ( )

( ) ( )

*T T *T T
, , 1 , , ,1 1, 1, 1, 1,

*T T T T T
2, 2, 2, 2, , , 1, 1, 2, 2,

1, 2,

ˆ ˆ ˆ ˆ, ,
1 1 1ˆ ˆ ˆ

(
)

f f
i n i n i n i n i i i i i i i i i i i i i i i i

f f
i i i i i i i n i n i i i i i i

i i i

V V z l e u S X S X X u X u

u u
r

θ θ υ ψ υ ψ

υ ψ υ ψ α ξ θ θ υ υ υ υ
µ µ

−= + + + − + −

+ − − − − − −


 





 
 



  

 (37) 



Similarly, from Young’s inequality and Lemma 3 one can obtain 
 ( )2 2 T

, , ,1 , , , ,0.5 0.5i n i n i i n i n i n i n i iz l e l q z q e e≤ +  (38) 

 ( ) ( ) ( )2 *T *T
, , , , , , , , , ,

ˆ0.5 ,  i n i n i n i n i i i i n i n i n i n i n i ng l q z S X W Zθ ϕ= + = + ∆ ∆ ≤ ∆  (39) 

 ( ) ( )
2
, * T 2 2 2

, , , , , , , , ,2
,

1 1 1
2 2 2 2

i n
i n i n i i n i n i n i n i n i n i n

i n

zz g W Z W Z k z
k

φ≤ + + + ∆  (40) 

 *T 2 *T *
, , , , , ,0.5 0.5 , 1,2i n k i k i i n k k i k iz z d kψ ιυ ψ υ υ,≤ + =  (41) 

where T
, ,

ˆˆ[ , , ]i n i i i nZ X θ ξ=  and T
,

ˆ[ ]i n iZ X= . 
Substituting (38)-(41) into (37) yields 

 

( ) ( )

( )( ) ( )( )
( )( )

, ,* T 2 T
, , 1 , , , , , , , ,2

,
T T

1, 2 2
, 1, , 1, 1, , ,

1,
T
2,

2, , 2, 2,
2,

3
2 2 2

1 1ˆˆ ˆ ˆ,
2 2

1ˆ
2

i n i n
i n i n i n i i n i n i n i n i n i i n i n i i

i n

i i f
i i n i i i i i n i i i i i n i n

i i

i f
i i n i i i

i

z qV V z W Z W Z z u e e
k

r z S X z X u k
r

z u

φ α ξ

θ υθ µ ψ υ
µ

υ µ ψ υ
µ

−
 

≤ + + + − − + 
 

− + − + + + ∆

− + +


 















*T * *T *
1, 1, 2 2, 2,

1
2i i i id dψ ι ψ ιυ υ υ υ1, ,+

 (42) 

From (42), the adaptive laws of îθ
 , 1,ˆ iυ , 2,ˆ iυ  and îφ

  are designed as follows 

 ( ), 1,
ˆ ˆˆ
i i i n i i i ir z S Xθ σ θ= − −  (43) 

 ( )1, 1, , 1, 2, 1,
ˆˆ ˆ, f

i i i n i i i i iz X uυ µ ψ σ υ= − −  (44) 

 ( )2, 2, , 2, 3, 2,ˆ ˆf
i i i n i i i iz uυ µ ψ σ υ= − −  (45) 

 ( ) ( )
2

,1 , T
, , , , 4,2

,1

ˆ ˆ
2

n
i i k

i i k i k i k i k i i
i kk

z W Z W Z
k

λφ σ φ
=

= −∑  (46) 

Let ,i i nu α= . Substituting ,i nξ , *
,i nα  and (43)-(46) into (42) achieves 

 
( )

1
, ,0 1,2 T 2 T T

, , , , , , , ,,
1

*T *2 2
1, 1, 2 22, 3, 4, , ,T T

1, 1, 2, 2,
1, 2, ,1

ˆsgn
2 2

ˆˆ ˆ
2 2 2

i

n n
i k i ip

i n i k i k i k i k i k i i i k i k j j i ii k
ik k j N

i ii i i i n i n
i i i i i i

i i i

q qV c z z e e h z D e e
r

d dk ψ ι ψ ι

σ
κ ξ θ θ

υ υ υσ σ σ
υ υ υ υ φφ

µ µ λ

−

= ∈

1, ,

 ≤ − + + − + + + 
 

∆
+ + + + + + +

∑ ∑ ∑ 



 

*T *
, 2,

,2
i i

i nw
υ

+
 (47) 

Using Young’s inequality for further simplification as 

 ( ) 2 2
, , , , ,

1 1sgn
2 2i k i k i k i k i kz zκ ξ κ≤ +  (48) 

 ( )1, 1, 1, 1,T T * *T * Tˆ
2 2

i i i i
i i i i i i i i i

i i i ir r r r
σ σ σ σθ θ θ θ θ θ θ θ θ= − ≤ −      (49) 

Generalizing (49) to other RBFNN weight terms. Then, (47) can be simplified as 

 

, ,02 T 2 T
, , , , ,,

1

1, 2, 3, 4,T T T 2
1, 1, 2, 2,

1, 2, ,1

1
2 2 2

2 2 2 2

i

n
i k ip

i n i k i k i i i k i k j ji k
k j N

i i i i
i i i i i i i

i i i i

q qV c z e e h z D e e

r
σ σ σ σθ θ υ υ υ υ φ

µ µ λ

= ∈

  ≤ − − − + − +  
  

− − − −

∑ ∑

  

   

 (50) 

where 



 

2 2 2 *T * *T *
, , , , , 1, 1, 2 2, 2,

1
1, 2, 3, 4,*T * *T * *T * *2

1, 1, 2, 2,
1, 2, ,1

1 1 1 1 1
2 2 2 2 2

2 2 2 2

n

i n i k i n i n i n i i i i
k

i i i i
i i i i i i i

i i i i

D k w d d

r

ψ ι ψ ικ υ υ υ υ

σ σ σ σθ θ υ υ υ υ φ
µ µ λ

1, ,
=

= + + ∆ + + +

+ + + +

∑
 

4 Stability analysis 

Theorem 1: For the nonlinear MASs (1), under certain assumptions, if for given 
matrix iB , and parameters 0iτ > , 0iq > , there exist observer gain matrix iL  and 
symmetric positive matrix iP  such that 

 ( )T T2 2 0i i i i i i i i i iA P P A P q I PB B Pτ+ + + + + ≤  (51) 
holds. Then, by control laws (21) and corresponding adaptive laws, all signals in the 
closed-loop system are SGUUB in finite time. Moreover, by selecting appropriate de-
sign parameters, the consensus errors can converge to a neighborhood of the origin. 

Proof: Construct the Lyapunov function candidate as 
 ( ), ,1

N
e i i ni

V V V
=

= +∑  (52) 

From (13)(16)(50), one obtains 

 
( ) 1, 2,T T T T T

1, 1,
1,1 1

3, 4, ,0 ,T 2 T 2 T 2
2, 2, , , , ,

2, ,1 1

2
2 2

1
2 2 2 2 2

(
)

i

N N
i i

i i i i i i i i i i i i i i i i
i ii i

n
i i i i k p

i i i j j i k i k i i i k ti k
i i j N k

V e A P P A P PB B P e
r

q qe e c z e e h z D

η ητ θ θ υ υ
µ

η συ υ φ
µ λ

= =

∈ =

≤ + + + + + − −

  − − + − − − + +    

∑ ∑

∑ ∑

 


 



 

 (53) 

where ( )2 2 2
, ,1 1, ,2 2, ,31 1

( )N n
t i k i i i i i i ii k

D D P δ τ ε τ ε τ
= =

= + + +∑ ∑ , 1, 1, , ,12 0i i i i S i ir P dη σ τ= − > ,

2, 2, 1, , ,22 0i i i i i iP dψη σ µ τ1= − > , 3, 3, 2, 2, ,32 0i i i i i iP dψη σ µ τ= − > , { },1 , ,0max , ,
i

i i i n i
j N

q q q q
∈

= + ∑ . 

Then, (53) can be further transformed into 

 ( ) ( )

T
1,T T T 2 2

, , ,,
1 1 1

T T 2
2, 1, 1, 3, 2, 2, 4, T T

1,
1, 2, ,1 1

12 ( )
2 2 2

2 2 2

(

) (

N N n
i i i ip

i i i i i i i i i i i i i k i k i ki k
ii i k

N p pi i i i i i i i
t i i i i i i i

i i i i

qV e A P P A P I PB B P e h z c z
r

D e Pe e Pe

η θ θτ

η υ υ η υ υ σ φ ϖ η
µ µ λ

= = =

=

   ≤ + + + + + − + − +   
   

+ + + + − − +

∑ ∑ ∑

∑

 



 

   

T T

1,

T T T T 2 2
1, 1, 1, 1, 2, 2, 2, 2,

2, 2, 3, 3, 4, 4,
1, 1, 2, 2, ,1 ,1

2 2

2 2 2 2 2 2
)

p p
i i i i

i
i i

p pp p p p
i i i i i i i i i i

i i i i i i
i i i i i i

r r
θ θ θ θη

υ υ υ υ υ υ υ υ φ φη η η η σ σ
µ µ µ µ λ λ

   
−   

   
          

+ − + − + −          
           

  

 

       

 (54) 

where 0 1p< <  and ϖ  are positive constants. 
From (51), to stabilize system (1), there exists symmetric positive definite matrix 

iQ  that results in 

 T T2
2

i
i i i i i i i i i i

qA P P A P I PB B P Qτ+ + + + + ≤ −  (55) 

According to Young’s inequality, there is ( ) ( ) ( )/ 1T T 1
p p p

i i i i i ie Pe e Pe p p −≤ + −  and 
same for other terms, then (54) can be rewritten as 

 1 2
pV V V D≤ −Λ −Λ +  (56) 



where, ( )
( ) ( ) ( ) ( ) ( )min

1, , 1, 2, 3, 4,
max

min ,2 1, 1 , 1 , 1 , 1i
i i k i i i i

i

Q
c

P
λ

λ ϖ ϖ η ϖ η ϖ η ϖ σ
λ

   = − − − − − −      
,  

{ }2, , 1, 2, 3, 4,min 2 , , , ,p
i i k i i i ihλ ϖ ϖ η ϖ η ϖ η ϖ σ ϖ= , , 1,2, ,k n=  , 1 1 1,

N
i iλ=Λ = Σ , 2 1 2,

N
i iλ=Λ = Σ , 

( )( ) ( )/ 1
1 1, 2, 3, 4,1 1 p pN

t i i i i iD D p pη η η σ −
== + Σ + + + + − . And the value of ϖ should ensure 

that 1Λ  and 2Λ  are positive.  
From (56) and Lemma 2, it can be derived that ,iV



 will converge to the set 
( ) ( ){ }1/

, 1 2min 2 1 , (2 1 ) p
iz D Dπ π≤ − Λ − Λ


 in finite time 1T , where 0 π< <1 . And  

( )
( )

( )
( )1 1

1 0 2 1 0 2
1 0 0

1 2 1 2

1 1max ln , ln
1 1

p pV t V t
T t t

p p
π π

π π

− − Λ + Λ Λ + Λ ≤ + + Λ − Λ Λ − Λ  
. 

Furthermore, from (19), if ,iξ 

 is bounded in finite time, then ,iv


 will converge 
in finite time. Therefore, construct a Lyapunov function as 

 2
,

1 1
/ 2

N n

i k
i k

Vξ ξ
= =

= ∑∑  (57) 

From [22], , 1 , ,i k i k i kα α ϖ+ − ≤  can be achieved in a finite time , 2i kT . Therefore, for 
{ }2 , 2max i kt T T≥ = , by choosing { }, ,min , 1, , 1i n i k k nϖ ϖ= = − , { },0 ,min , 1, ,i i kK k nκ= =  ,
( ){ },0 ,1 ,2 ,max , , ,i i i i i i ndϖ µ ϖ ϖ ϖ= +  , ,min{2 1}i kcξ1Λ = + , { },0 ,02 min i iKξ ϖ2Λ = − ,one can 

obtain 
 1/2V V Vξ ξ ξ ξ ξ1 2≤ −Λ − Λ  (58) 
Thus ,iξ 

 converges to the origin in finite time  

 ( )1/2
2

3 2
2 ln

V T
T T ξ ξ ξ

ξ ξ

1 2

1 2

Λ + Λ
≤ +

Λ Λ
 

Therefore, for { }1 3max ,t T T≥ , ( ) ( ){ }1/
, 1 2min 2 1 , (2 1 ) p

iv D Dπ π≤ − Λ − Λ


, which 
implies that all signals of the closed-loop system are SGUUB in finite time. The proof 
is completed. 

5 Simulation results 

Consider a MAS consisting of one leader and four followers under a directed graph 
in Fig.1, where the specific form is as follows 

 ( ) ( ) ( ) ( ) ( )
,1 ,2

,2 ,1 ,2 0

,1

4 tanh 0.25 ,
i i

i i i i i i i i ci i

i i

x x
x t u x x t T h x u t
y x

ρ β
=
= + + − + ∆
=



  

where ( ) ( )1 0.8 0.4sint tρ = + , ( ) ( )2 1 0.3cost tρ = + , ( ) ( )2
3 0.6 0.5sin 2t tρ = + ,

( ) ( )4 0.9 0.3cos 3t tρ = + , ( ) ( )1 0.1sint t∆ = , ( ) ( )2
2 0.2sint t∆ = , ( ) ( )3 0.05sint t∆ = ,

( ) ( )4 0.15sint t∆ = . The reference signal is ( )sinry t= . 
By choosing 0.1iq =  and 0.5iτ =  to solve LMIs (51), one can obtain 

 
15.72 1.88

1.88 0.26iP
− 

=  − 
, 

45.77
358.51iL  

=  
 

 



Choose the fault function ( ) ( )( ),1 ,2, 2 1.5 0.5cosi i i i i ih x u x x u= + + . The fault evolu-
tion rate and fault occurrence time are , 50a ir =  and 0 5T = , respectively. 

Applying the design scheme in Theorem 1, we select the design parameters as 
0.99p = , 1,1 2,1 30c c= = , 3,1 4,1 40c c= = , 1,2 2,2 15c c= = , 3,2 4,2 20c c= = , 

,1 ,2 0.1i iκ κ= = , ,1 ,2 10i ik k= = , ,1 ,2 0.5i ih h= = , ,1 ,2 0.01i iw w= = , 1, 0.01iσ = , 
2, 3, 4, 10i i iσ σ σ= = = , ,1 1iλ = , 12 22 0.06ω ω= = , 32 42 0.08ω ω= = , 1 / 260ir = , 
1, 2, 10i iµ µ= =  for 1, 2,3, 4i = . The initial conditions are ( ) ( ),1 ,20 0 0.5i ix x= = , 
( ) ( ),1 ,2ˆ ˆ0 0 0.1i ix x= = . The BLPF is chosen as ( ) ( )21 / 1.414 1L

iH s s s= + + . 

0 1

4

2 3

( )ry t

 

Fig. 1. Communication topology. 

 

Fig. 2. System outputs yi and reference signal yr. 

 

Fig. 3. Observer outputs and real signals. 
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Fig. 4. Control input curves of ui. 

Fig. 2-4 display the simulation results. From these figures above, it is clearly seen 
that the observer is able to estimate the state quickly and efficiently. And under the 
action of the FTC controller designed in this paper, the system output follows the de-
sired signal well with and without the faults. 

6 Conclusion 

This paper has investigated a finite time FTC scheme to achieve consensus tracking 
for nonlinear MASs subject to non-affine faults, unmeasurable states, uncertain control 
coefficients and external disturbances. The command filter and BLPF are introduced to 
solve “explosion of complexity” and algebraic ring problem. Furthermore, The LMI is 
utilized to find feasible solutions of the observer gain effectively. Based on the finite-
time stability criterion and Lyapunov stability theorem, the designed observer-based 
finite-time controller can achieve a good tracking performance and guarantee the finite-
time boundedness of all the closed-loop signals. The utilization of such control protocol 
in formation control problem will be considered in our future research. 
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